
APPLICATION OF NONLINEAR HEREDITARY STRAIN THEORY 

TO DESCRIPTION OF STRESS RELAXATION IN METALS, 

AND CONVERSION OF RELAXATION DATA TO CREEP 

G. S. Vorotnikov and L. Kh. Papernik 

The possibility of describing relaxation and creep processes in metals and the possibility of 
direct conversion of data obtained in one type of tests to another, within the framework of 
the theory of hereditary creep based on the application of the Rabotnov nonlinear integral 
equation [i], are investigated. 

T h e  r e l a t i o n s h i p  b e t w e e n  the  s t r e s s  a( t )  and s t r a i n  e( t)  a p p e a r s  

t 

q~ [s (t)l = ~ (t) + L f K (t -- ~) ~ (~) dr 
0 

in the one-dimensional case a s  Ill 

(1) 

Here gP(e) is the strain function, which is nonlinear in the general case; K(t-T) > 0 is a monotonic 
decreasing influence function; X is a numerical factor. 

Equation (i) is a fairly general form of the relationship between strain and stress. In particular, 
when ~(~)=Ee, Eq. (i) becomes the conventional linear hereditary law of strain 

t 

0 

In t he  c a s e  of c r e e p ,  when  or(t) =(r 0 = c o n s t ,  Eq. (1) b e c o m e s  

q) [~(t)] = ~o [i + a ( t ) ]  

(2) 

t 

(3) 
0 

Equation (3) is expressed in the form of a bundle of similar curves at fixed times tl, t 2 .... in ~, 
coordinates at different initial stress levels (r01 , ~02 ..... Hence, the validity of Eq. (i) is clear when iso- 
chronous creep curves are similar. 

The function 1 + XG(t) yields similitude factors for fixed values of t. When t =0, we have the instan- 
taneous strain curve ~ = ~(e). 

The relaxation law will be expressed, when e = ~0 =const, by the equation 

a (t) = ao [1 - -  k R (t)t (4) 

H e r e  cr 0 = q~ (~0), and R(t) i s  t h e  i n t e g r a l  of t he  r e s o l v e n t  k e r n e l .  T h e  p o w e r - l a w  k e r n e l s  At  a (where  
A is  a n u m e r i c a l  coe f f i c i en t  and  - 1  < a < 0) a r e  m o r e  g e n e r a l l y  u s e d  in a p p l i c a t i o n  to  m e t a l s .  S ince  the  
p a r a m e t e r  o~ i s  n e g a t i v e ,  Eq.  (3) p o s s e s s e s  an i n t e g r a b l e  s i n g u l a r i t y  at  z e r o .  T h e  e x i s t e n c e  of  t h i s  s i n g u -  
l a r i t y  is  due to  the  b e h a v i o r  of the  m a t e r i a l  when  l o a d e d .  
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Fig.  1 

We a s s u m e  

K (t -- ~) = (t-- ~)~ 

H e r e  F ( a  + 1) is  t he  E u l e r i a n  g a m m a  function.  The  r e s o l v e n t  wil l  then  be  the  s a m e  as  Rabo tnov ' s  

funct ion  [1] 
9 

(-- l )~  ~ (t 3 ~  (~,  t - ~) = ( t  - ~)~  ~ - 
n=o r [(r -~- t)(n + i)] (5) 

N u m e r o u s  p r o p e r t i e s  of  th i s  funct ion  a r e  deta i led  in [1, 2], and the feas ib i l i ty  of  u t i l iz ing th is  func -  
t ion  a s  the  k e r n e l  o f  i n t e g r a l  o p e r a t o r s  in p r o b l e m s  in the  l i nea r  t h e o r y  of  c r e e p  and re l axa t ion  is  d i s -  
cussed .  

Below we  a t t empt  t o  apply  the  m a t h e m a t i c a l  too l s  p r o v i d e d  by  t h e s e  funct ions  to  the  s tudy of  r e l a x a -  
t ion  and c r e e p  in  me ta l s  wi thin  the f r a m e w o r k  of  the  non l inea r  law (1). 

We r e a l i z e  f r o m  Eq.  (4) tha t  t he  r e l axa t ion  c u r v e s  mus t  be s i m i l a r  at  d i f fe ren t  in i t ia l  s t r e s s  l eve l s  
g0- T h i s  i s  c o n f i r m e d  by e x p e r i m e n t  in many  ins t ances .  

In the  c a s e  in point ,  Eqs.  (3) and (4) acqu i re  the fol lowing r e s p e c t i v e  f o r m s :  

= + + 2) ] (6) 
t -  

O 

The  d e t e r m i n a t i o n  of  the  p a r a m e t e r s  ~ and k and the  funct ion ~ = ~(e )  can be  app roached  f r o m  
two s ides .  
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T h e  se t  of  c r e e p  c u r v e s  can  be  u s e d  to  c o n s t r u c t  a f a m i l y  of  i s o c h r o n o u s  c u r v e s  and to  d e t e r m i n e  t h e  
p a r a m e t e r s  ~ a n d ) .  in Eq.  (6) and to  t hen  c o n s t r u c t  t he  c u r v e  of  t h e  i n s t a n t a n e o u s  s t r e s s  s t a t e  cr = ~ ( e )  
[3]. The  t h e o r e t i c a l  r e l a x a t i o n  c u r v e s  a r e  p l o t t e d  on the  b a s i s  of  Eq. (7) wi th  t he  v a l u e s  ob t a ined  fo r  the  

c o n s t a n t s  a and X. 

On t h e  o t h e r  hand,  the  n e c e s s a r y  c h a r a c t e r i s t i c s  can  be  d e t e r m i n e d  f r o m  Eq. (7) by  p r o c e s s i n g  the  
r e l a x a t i o n  c u r v e s .  T h a t  i s  t h e  w a y  w e  c h o s e  in o u r  w o r k .  

Zvonov et  a l .  [4] c o n s i d e r e d  a c o m p u t e r  p r o g r a m  for  d e t e r m i n i n g  the  c h a r a c t e r i s t i c s  of  c r e e p  in 
l i n e a r  h e r e d i t a r y - e l a s t i c  m a t e r i a l s .  T h i s  c o m p u t e r  m e t h o d  can  be  a p p l i e d  to  t he  c a s e  of  n o n l i n e a r  b e -  
h a v i o r  of  a m a t e r i a l  f o r  t h e  p u r p o s e  of  d e t e r m i n i n g  r e l a x a t i o n  c h a r a c t e r i s t i c s .  

T h e  g i s t  of  t he  me thod  i s  a s  fo l lows .  I n s t e a d  of  a p p r o x i m a t i n g  t h e  r e l a x a t i o n  c u r v e  wi th  t he  a i d  of 
Eq.  (7), w e  p r o c e e d  to t a k e  t h e  L a p l a c e - C a r s o n  t r a n s f o r m  of  the  r e l a x a t i o n  c u r v e ,  and  the  r e s u l t i n g  t r a n s -  
f o r m  i s  t hen  a p p r o x i m a t e d  b y  t h e  t r a n s f o r m  of  Eq. (7), wh ich  a p p e a r s  in t h e  f o r m  

oo 
[ 

(P) = ~o t i  e-ptdt (s) 
p : + l  + 

0 

H e r e  p > 0 i s  t he  t r a n s f o r m  p a r a m e t e r .  

T h e  q u a d r a t i c  me thod  fo r  o p t i m i z i n g  the  p a r a m e t e r s  ( g e n e r a l i z i n g  to the  n o n l i n e a r  c a s e  in the l e a s t -  
s q u a r e s  method)  i s  t h e n  a p p l i e d  to  t he  r e s u l t i n g  t r a n s f o r m ,  and t h e  r e l a x a t i o n  c h a r a c t e r i s t i c s  a r e  d e t e r -  
m i n e d  wi thou t  r e t u r n i n g  to  t he  i n v e r s e  t r a n s f o r m s .  

The  m e t h o d  f o r  d e t e r m i n i n g  the  r e l a x a t i o n  c h a r a c t e r i s t i c s  w a s  p r o g r a m m e d  fo r  a M i n s k - 2  d i g i t a l  
c o m p u t e r .  

S t r e s s  r e l a x a t i o n  c u r v e s  f o r  c o p p e r  [5], p l o t t e d  f o r  t e m p e r a t u r e s  20 ~ 165% 235~ w e r e  i n v e s t i g a t e d  
( see  F ig .  l a ) .  

F i r s t~  t he  h y p o t h e s i s  on t h e  s i m i l a r i t y  o f  t he  r e l a x a t i o n  c u r v e s  w a s  v e r i f i e d .  T h e  r e l a x a t i o n  c u r v e s  
w e r e  p l o t t e d  in  (or 0 - c r t ) / ( r  0, t c o o r d i n a t e s  (F ig .  l b ) .  T h i s  p r o c e d u r e  y i e l d e d  d a t a  wh ich  a r e  in e x c e l l e n t  
a g r e e m e n t  wi th  the  a s s u m p t i o n s  e n t e r t a i n e d .  Each  c u r v e  w a s  then  p r o c e s s e d  t h r o u g h  t h e  c o m p u t e r  p r o -  
g r a m .  T h e  r e s u l t s  of the  c o m p u t e r  p r o c e s s i n g  fo r  t h o s e  v a l u e s  a r e  

T ~ 20 T ~ 165  T ~ 235  

~ 15.58 8.54 5.93 3.18 9.50 7.50 5.85 
u ~  -0.748 -0 .8 i2  -0.861 -0.765 -0.683 -0.627 . -0.50i5 

~ 0.42i 0.386 0.379 0.405 0.i47 0.158 0.13t2 

T h e  a v e r a g e s  of  t he  r e l a x a t i o n  p a r a m e t e r s  in Eq. (7) a r e  

a = --0.80, ~, == O. 398 at 20 ~ C 
a = --0.65, )~ := 0A57 at i65~ 
a ~ --0.50, ~, ~0.13t at 235 ~ C 

W i t h  t h o s e  a s s u m p t i o n s  the  p a r a m e t e r s  ~ and X in Eq. (6), wh ich  d e s c r i b e s  t h e  c r e e p  p r o c e s s  in 
c o p p e r  at  t h o s e  t e m p e r a t u r e s ,  w i l l  have  the  s a m e  v a l u e s ,  and  a f a m i l y  of  i s o c h r o n o u s  c u r v e s  a t  f ixed  t can  
b e  c o n s t r u c t e d  when  t h e  c u r v e  of  t he  i n s t a n t a n e o u s  s t a t e  a = @(~) i s  a v a i l a b l e , a n d  t h e s e  c u r v e s  can  t h e n  be  
u s e d  to  p lo t  t h e  c u r v e s  f o r  c r e e p  in c o p p e r .  

S ince  the  v a l u e s  of c o n s t a n t  s t r a i n s  e0 at  wh ich  the  r e l a x a t i o n  e x p e r i m e n t s  w e r e  s t a g e d  a r e  not  i n d i -  
c a t e d  by  D a v i s  [5], t he  p a t t e r n  of  n o n l i n e a r i t y  canno t  be  d i s c e r n e d  n o r  the  i n s t a n t a n e o u s  e x t e n s i o n  c u r v e s  
c o n s t r u c t e d  f r o m  t h e  r e l a x a t i o n  da ta .  But  i n a s m u c h  a s  t h e  c r e e p  c u r v e s  fo r  the  c o r r e s p o n d i n g  t e m p e r a t u r e s  
a r e  a v a i l a b l e ,  t h e  v a l u e s  of  the  p a r a m e t e r s  ~ and X o b t a i n e d  fo r  t h o s e  t e m p e r a t u r e s  can b e  u s e d  to  c o n s t r u c t  
t he  i n s t a n t a n e o u s  l oad ing  c u r v e s  a = ~ ( e ) .  

W e  i l l u s t r a t e  t h i s  a p p r o a c h  by  the  c u r v e  p l o t t e d  f o r  235~ We b e g i n  by  p l o t t i n g  i s o c h r o n o u s  c r e e p  
c u r v e s  fo r  c o p p e r  at  235~ in ~ ,  e c o o r d i n a t e s  at  d i f f e r e n t  i n i t i a l  s t r e s s  l e v e l s .  T h e s e  c u r v e s  a r e  shown 
in  F ig .  l c  in the  f o r m  of  a bund le  of s i m i l a r  c u r v e s  a t  f ixed  t i m e s  i n d i c a t e d  on the  g r aph .  T h e  s i m i l a r i t y  of  
t h e  i s o c h r o n o u s  c r e e p  c u r v e s  c o n f i r m s  the  v a l i d i t y  of  Eq. (1) f o r  so lv ing  the  p r o b l e m  p o s e d .  

L a t e r  on, an  i n s t a n t a n e o u s  l o a d i n g  c u r v e  w a s  c o n s t r u c t e d  on the  b a s i s  of  f o r m u l a  (6) b y  e x t r a p o l a t i o n  
w i th  e a c h  i s o c h r o n o u s  c r e e p  c u r v e  at  t he  p a r a m e t e r  v a l u e s  ob t a ined  a = - 0 . 5 0  and X = 0.1312. By s p e c i f y -  
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ing different values of ~, we obtain q~(e) values corresponding to the fixed t ime t i =20 h. The same calcula-  
t ions are  then ca r r i ed  out for another fixed t 2 =50 h, etc. The r  values so obtained and the averaged 
curve constructed on the basis  of those values are  presented in Fig. lc .  This curve is the one taken as the 
instantaneous loading curve a = ~ (e )  reflecting the nonlinear behavior of the material .  The slight spread 
of the values corresponding to the different isochronous curves  in this instance serves  as proof  of the 
validity of the use of the values of the p a r a m e t e r s  (~ and ~ found for describing creep. 

Creep curves  can be plotted for any a =const  f rom the result ing instantaneous loading curve. Sub- 
stitution of the a 0 values corresponding to the real  curves  in Eq. (6) and use of the ~ = r  graph aid in 
construct ing the creep curves.  These  a re  plotted as dashed curves in Fig. ld. The experimental  curves  
a re  plotted as continuous curves.  The corre la t ion  between the predicted data and experimental  data is sa t i s -  
factory.  Subsequently, the a = ~(e) curve so obtained can be approximated by any analytical dependence, 
e.g., a power- law dependence. 

The resul ts  of the calculations indicate that the use of nonlinear heredi ta ry  equations with f ract ional-  
exponential kernels ,  applied to the descript ion of s t r e s s  relaxation in some metals and to the prediction of 
creep from relaxation data, has yielded positive resul ts .  

The authors express  the i r  grati tude to Yu. N. Rabotnov for his kind attention to the p r o g r e s s  of the 
work and to V. A. Kominar  for  his much appreciated comments.  
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